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INTERIOR REGULARITY ON THE ABREU
EQUATION
BOHUI CHEN1, AN-MIN LI2, AND LI SHENG3
Abstract. In this paper we prove the interior regularity for the
solution to the Abreu equation in any dimension assuming the ex-
istence of the C0 estimate.
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1. Introduction
Studying extremal metrics within a given Ka¨hler class on Ka¨hler
manifolds is one of the most important problems in complex geometry.
Since Calabi introduced the notion of extremal metrics, it has been
studied intensively in the past decades. There are three aspects of the
problem: sufficient conditions, necessary conditions and the unique-
ness of the existence. The necessary conditions for the existence are
conjectured to be related to certain stabilities. There are many works
on this aspect ([T], [D1],[D2],[CT]). For example, in [D1], Donaldson
proved that the existence of Ka¨hler metrics of constant scalar curva-
ture implies the Chow or Hilbert (semi)stability. The uniqueness is
completed by Donaldson, Mabuchi and Chen-Tian. In [D1], Donald-
son proved that Ka¨hler metrics of constant scalar curvature are unique
in any rational Ka¨hler class on any projective manifolds without non-
trivial holomorphic vector fields. The complete answer is answered by
Mabuchi for the algebraic case and answered by Chen-Tian([CT]) for
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general cases. They showed that Ka¨hler metrics of constant scalar cur-
vature are unique in any rational Ka¨hler class on any compact Ka¨hler
manifold.
On the other hand, there has been few progresses on the existence of
extremal metrics or Ka¨hler metrics of constant scalar curvature. One
reason is that the equation is highly nonlinear and of 4th order. The
general expectation of the problem may be stated in the following con-
jecture ( see [D3]):
Conjecture A smooth polarised projective variety (V, L) admits a
Ka¨hler metric of constant scalar curvature in the class c1(L) if and
only if it is K-stable.
Donaldson has initiated a program on the extremal metrics on toric
varieties. Since a 2n-dimensional toric variety can be represented by
a convex polytope in Rn, the problem can be formulated on this poly-
tope. In [A], using Gullimin’s method([G]), Abreu reduced the equation
for Ka¨hler metrics of constant scalar curvature to an equation on the
polytope. The equation is now called the Abreu equation. On the
other hand, Donaldson([D3]) formulated the problem as an variational
problem on the polytope and related it to the K-stability. Hence, the
problem is to solve the Abreu equation with the assumption of the sta-
bility condition. Since the equation is a degenerate 4th order PDE, it is
a very hard problem and the progress is slow. We list some important
progresses obtained by Donaldson: (1) in [D3] Donaldson introduces a
stronger version of stability (cf. Proposition 5.1.2 and Proposition 5.2.2
in [D3]); Donaldson proved the existence of weak solutions when this
stronger stability holds; (2) in [D4], he proved the interior estimates for
the Abreu equations on toric surfaces; (3) in [D5], he proved the con-
jecture for the toric surfaces under the assumption ofM-condition, and
(4) in [D6], he completely solved the conjecture for the constant scalar
curvature metrics on toric surfaces. On the other hand, in [ZZ],Zhou-
Zhu proved the existence of weak solutions under certain properness
condition.
In this paper, we prove the interior estimates for the solution to the
Abreu equation in any dimension assuming the existence of the C0
estimate. Be precisely, the statement is
Theorem 1.1. Let M be a real 2n-dimensional compact toric manifold
and ∆ be its Delzant polytope. Let K ∈ C∞(∆). If u is a solution to
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the Abreu equation S(u) = K (cf. (2.2)), i.e, it gives a metric on toric
variety of curvature K, then for any domain Ω ⊂⊂ ∆ and positive
integer k, there exists a constant C depending on n, |K|Cm(∆), |u|C0(∆)
and d := dist(Ω, ∂∆) such that
(1.1) |u|Ck,α(Ω) ≤ C(n, |K|Cm(∆), |u|C0(∆), d),
where m = max{n− 3, 0}.
Acknowledgements. The authors would like to thank Prof. Yong-
bin Ruan, Prof.Xiuxiong Chen for many valuable discussions.
2. Toric manifolds and the Abreu equation
A toric manifold is an 2n-dimensional symplectic manifold (M,ω)
admitting a T n Hamiltonian action. The image of the moment map of
the Hamiltonian action is then a polytope in Rn. Such polytopes are
called Delzant polytopes. Be precisely, we have the following definition.
Definition 2.1. A convex polytope ∆ in Rn is a Delzant polytope if
(1) there are n edges meeting at each vertex ;
(2) the edges meeting at the vertex p are rational, i.e. each edge is
of the form p+ tvi, 0 ≤ t ≤ ∞, where vi ∈ Zn;
(3) v1, ..., vn described above can be chosen to form a basis of Z
n.
A Delzant polytope can be defined by d linear inequalities
〈ξ, hk〉 ≥ λk, k = 1, · · · , d,
where h′ks are primitive elements of the lattice Z
n. Set ℓi : R
n → R be
the function ℓi(ξ) = 〈ξ, hi〉−λi, and let ∆o be the interior of ∆. In this
paper, we assume that ∆ = ∆o. Then ξ ∈ ∆ if and only if ℓi(ξ) > 0 for
all i.
In [De] Delzant associates to every Delzant polytope ∆ a closed con-
nected symplectic toric manifold (M∆, ω) of dimension 2n together with
a Hamiltonian T n-action whose moment map ϕ : M∆ → Rn satisfies
ϕ(M∆) = ∆. On (M∆, ω), Guillemin shows that there is a natural
Ka¨hler metric called the Guillemin metric, denoted by Gg or ωg (cf.
(2.1)).
Let T = T n and C∞T (M∆) be the set of T -invariant functions. Denote
M = {φ ∈ C∞T (M∆)|ωφ = ωg +
√−1
2π
∂∂¯φ > 0}.
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For any φ ∈M, restricting on ϕ−1(∆), we have a Ka¨hler potential
f(x) = g(x) + φ(x),
where g(x) is the Guillemin potential function for ωg. There are natural
isomorphisms
ϕ−1(∆) ∼= (C∗)n ∼= (R× S1)n ∼= Rn × T,
then f and g are treated as functions on Rn whose coordinates are still
denoted by x1, . . . , xn. By the Legendre transformation, we put
ξi =
∂f
∂xi
, u(ξ) =
∑
ξi
∂f
∂xi
− f(x).
It is known that u(ξ) is a smooth function on ∆. Similarly, the Le-
gendre transformation of g also defines a smooth function v on ∆. By
Guillemin’s theorem, v is given by
(2.1) v(ξ) =
d∑
k=1
ℓk(ξ) log ℓk(ξ).
For each u, set ψu = u − v. It is known that ψu is a smooth function
on ∆.
We will use S(f) or S(u), or even S(φ) to denote the scalar curvature
for the Ka¨hler metric ωφ. The Abreu equation(see [D1]) is
(2.2) S(u) =
n∑
i,j=1
U ijwij = −K in ∆
where K is a given function on ∆, U ij is the cofactor of the Hessian
matrix D2u of the convex function u and
w = [detD2u]−1.
Set
R(∆) = {u = v + ψ|ψ ∈ C∞(∆)}
and
R(∆, b) = {u ∈ R(∆)||S(u)| ≤ b}.
Let u be a function on ∆. We say it is normal at p ∈ ∆ if u(p) = 0 and
∇(p) = 0. It is known that for any function and any point p ∈ ∆, the
function can be normalized by adding an affine function. Set Rp(∆) ⊂
R(∆), (Rp(∆, b) ⊂ R(∆, b) ) be the set of normal functions at p.
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Remark 2.2. In this paper, K can be any smooth function. We remark
that the Ka¨hler metric is extremal if and only if K is an affine function
in ξ.
3. Determinant estimates
The key estimate in this paper is Proposition 3.1, which holds for
any Ka¨hler manifold other than toric manifolds.
Let (M,G) be a compact complex manifold with a Ka¨hler metric G.
Let ωG be its Ka¨hler form. Denote
M˜ = {φ ∈ C∞(M)|ωφ = ωG +
√−1
2π
∂∂¯φ > 0}.
Choose a local coordinate system z1, ..., zn, let g be a local potential
function of G in this coordinate system. For any φ ∈ M˜, let f = g+φ.
Denote
H :=
det(gij¯)
det(fij¯)
,
it is known that H is a global function defined on M . Set K =
max
M
‖Ric(g)‖g, where Ric(g) denotes Ricci tensor for metric G. We
prove
Proposition 3.1. For any φ ∈ M˜ we have
(3.1)
H ≤
(
2 +
maxM |S(φ)|
n(K + 1)
)n
exp
{
(2K + 1)(max
M
{φ} −min
M
{φ})
}
.
Proof. Consider the function
F := exp{−Cφ}H,
where C is a constant to be determined later. F attains its maximum
at a point p∗ ∈M . We have, at p∗,
−Cf ij¯φij¯ + f ij¯(logH)ij¯ ≤ 0
which implies
(3.2) − Cf ij¯φij¯ + S(φ) +
∑
f ij¯ (log det(gkl¯))ij¯ ≤ 0.
We can choose the coordinates z1, ..., zn at a neighborhood of p
∗ such
that
fij¯ = λiδij, gij¯ = µiδij.
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From (3.2), we get
C
(
µ1
λ1
+ · · ·+ µn
λn
)
− Cn + S −
(
µ1
λ1
+ · · ·+ µn
λn
)
K ≤ 0.
We choose C = 2K + 1 and apply an elementary inequality
1
n
(
µ1
λ1
+ · · ·+ µn
λn
)
≥
(
µ1 · · ·µn
λ1 · · ·λn
)1/n
to get
n(K + 1)H 1n ≤ n(2K + 1) + |S|.
It follows that, at p∗,
exp{−Cφ}H ≤
(
2 +
|S|
n(K + 1)
)n
exp{−(2K + 1)min
M
{φ}}.
Then (3.1) follows. 
On the other hand, on ∆, Donaldson gives several estimates for u ∈
R(∆, b).
Lemma 3.2. Suppose that u ∈ R(∆, b). Then det(D2u) ≥ d1 every-
where in ∆, where
d1 =
(
4bDiam(∆)2
n
)−n
.
This lemma can be found in [D4].
Lemma 3.3. For any u ∈ R(∆, b), we have
‖φ‖C0(M) = ‖u− v‖C0(∆),
where φ = f − g, and f is the Legendre transform of u.
This fact was already used by Donaldson in [D6], and for the proof,
the readers are referred to the proof of Proposition 4.4 in [SZ].
4. Proof of Main Theorem
Proof of Theorem 1.1. Without loss of generality, we assume that v
is normalized at 0 ∈ ∆, i.e.,
v(0) = 0, ∇v(0) = 0.
Then g attains its minimum at 0. Suppose that
(4.1) ‖u‖C0(∆) ≤ C1, ‖v‖C0(∆) ≤ C1
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for some constant C1 > 0. Let f be the Legendre transforms of u. By
Lemma 3.3 and (4.1), for any C > 4C1, we have
(4.2) Sg(C − 2C1) ⊂ Sf(C) ⊂ Sg(C + 2C1),
where
Sf(C) = {x|f(x) ≤ C}, Sg(C) = {x|g(x) ≤ C}.
By Lemma 3.2,
(4.3) det(fij) ≤ d−11 .
On the other hand, by Proposition 3.1 we have
det(gij)
det(fij)
≤ C2(n, b,K, C1).
Restricting to Sf (C) ⊂ Sg(C + 2C1), we have
(4.4) det(fij) ≥ C−12 det(gij) ≥ d2(C2, C).
By the determinant estimates (4.3) and (4.4), applying the Caffarelli-
Gutie´rrez theory(see [CG]) and the Caffarelli-Schauder estimate(see
[CC]) in Sf(C), we conclude that
(4.5) ‖f‖C3,α(Sg(C
2
−2C1))
≤ ‖f‖C3,α(Sf (C2 )) ≤ C3(n, b,K, C1, C)
for any C > 4C1(details see [TW]).
For any domain Ω ⊂⊂ ∆, by the convexity of u and (4.1) we have
∇u(Ω) ⊂ B 2C1
d
(0),
while the later one is contained in Sg(C3) for some constant C3 > 0.
Here d = dist(Ω, ∂∆) denotes the Euclidean distance from Ω to ∂∆.
Choose C = 2C3+4C1. By (4.5), we obtain ‖u‖C3,α(Ω) ≤ C3(n, b,K, C1, C).
The Proposition follows from the standard bootstrap argument. 
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